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Problem 1 (Optimality in Landauer erasure): (7 points)

In the lecture, we have computed the average work that is needed in order to reset a mixed
state on a two-level system (“Landauer erasure”), given that one level is raised in steps of ∆E
to infinity, with alternating thermalization steps. The result was

〈W 〉 ≡ 〈W 〉(∆E) = ∆E

∞∑
k=0

e−βk∆E

1 + e−βk∆E
,

where β = 1/(kBT ) is the inverse temperature.
Show that 〈W 〉(∆E) is increasing in ∆E. This proves that sending ∆E to zero, resulting in

the integral 〈W 〉 =

∫ ∞
0

e−βE

1 + e−βE
dE = kBT log 2, is optimal for this protocol.

Problem 2 (Von Neumann entropy and thermal states): (15 points)

Given a quantum system with Hamiltonian H, the thermal state (Gibbs state) ρβ(H) at inverse
temperature β = 1/(kBT ) is defined as

ρβ(H) :=
e−βH

Z
, where Z := tr(e−βH).

The von Neumann entropy S and quantum relative entropy (Kullback-Leibler divergence) D
are defined as

S(ρ) := −tr(ρ log ρ),

D(ρ‖σ) := tr(ρ log ρ− ρ log σ)

where ρ and σ are density matrices. In the following, we use the fact (cf. tutorial) that
D(ρ‖σ) ≥ 0, with equality if and only if ρ = σ. We also define the free energy of a state ρ
(at inverse temperature β 6= 0) as

Fβ(ρ) := 〈H〉ρ − S(ρ)/β,

where 〈H〉ρ := tr(ρH).

(i) Show that if H = HA + HB is a non-interacting Hamiltonian on a bipartite quantum
system AB, then ρβ(H) = ρβ(HA)⊗ ρβ(HB).

(ii) Show that S
(
ρβ(H)

)
= β〈H〉ρβ(H) + logZ.

(iii) Show that 1
βD(ρ‖ρβ(H)) = Fβ(ρ)− Fβ(ρβ(H)).

(iv) Prove that ρβ(H) is the unique state that minimizes the free energy.
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(v) Consider the expression D(ρAB‖ρA⊗ρB), and prove that von Neumann entropy satisfies
the subadditivity property S(ρAB) ≤ S(ρA) + S(ρB), with equality if and only if
ρAB = ρA ⊗ ρB . (This is sometimes just written S(AB) ≤ S(A) + S(B).)

Problem 3 (Subadditivity of Rényi-0 entropy): (8 points)

The Rényi entropy of order 0 of a density matrix (quantum state) ρ is defined as

H0(ρ) := log rank(ρ).

Show that it satisfies the subadditivity property : if ρAB is a quantum state on a bipartite
quantum system AB with Hilbert space HAB = HA ⊗HB , then

H0(ρAB) ≤ H0(ρA) +H0(ρB)

(which is sometimes written H0(AB) ≤ H0(A) +H0(B) if the state is clear).
Note: It may be helpful to first prove that

rank(ρ) = min{trP | tr(Pρ) = 1, P = P † = P 2},

that is, the rank of a quantum state ρ is minimal rank of any orthogonal projector P that has
full overlap tr(Pρ) = 1 with ρ.
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