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Turns out: some natural extra assumptions tell us that 
a bit should have a Euclidean ball state space.

?
d = 4

R,C,H,O -qubits would have d = 2, 3, 5, 9. Why d = 3?
I.e. why does our world’s bit state space have exactly 
3 independent incompatible measurements                   ?(�x,�y,�z)
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T must be a rotation of the Bloch ball (reversible+linear)...
... and must preserve p(up), i.e. preserve the z-axis.

Assumption: GA = GB ' SO(d� 1).
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Figure 3. Relational interference. The strong assumption A3* that GA = GB corresponds to a situation where every
transformation on Alice’s arm can be ‘undone’ by a suitable transformation on Bob’s arm (and vice versa). This is the case for
the complex quantum bit, but not for the quaternionic quantum bit. (Online version in colour.)

at the identity, which we denote by G0
AB, must be transitive on the (d − 2)-sphere [46]. In general,

not only the orthogonal groups O(d − 1) and SO(d − 1) are transitive on the (d − 2)-sphere Sd−2,
but also subgroups like SU((d − 1)/2) for odd d [46]. It is possible to exhaustively list the compact
connected Lie groups [47,48] that act transitively (and effectively3) on Sd−2, and A1, A2 and A3*
imply that GAB = GA = GB must be one of them. However, in this infinite list of groups, only one
of them is Abelian, as dictated by REL: this is U(1) = SO(2), acting on the surface of Bd−1 = B2 (the
circle). !

In several recent derivations of quantum theory from simple postulates [46,49], the condition
that ‘GAB is non-trivial and Abelian’ appeared as a crucial mathematical property (though in
different context and notation) in the proofs which showed that the Bloch ball must be three
dimensional. Here, we obtain an intriguing physical interpretation of this mathematical fact,
related to special relativity. Furthermore, the derivation above is much easier, and represents one
of the simplest arguments for why there are three degrees of freedom in a quantum bit.4

Clearly, the assumption A3* (i.e. that GA = GB), as sketched in figure 3, is very strong. Let us
now therefore relax it.

(b) Weaker assumption:GA ≃ GB
If we look at the symmetry of the interferometric set-up, it is reasonable to expect that the physics
is ‘the same’ for Alice and Bob: the set of ‘phase plates’ (or their beyond-quantum generalizations)
available to Alice should be in one-to-one correspondence to the set of phase plates available to
Bob. While this still allows that these plates act differently on the delocalized particle, it suggests
the following assumption (superseding assumption A3*):

A3. The transformations that Alice and Bob can perform locally in their arms are isomorphic
as topological groups: GA ≃ GB.

Similarly as in the previous subsection, we can work out the consequences of A3 and our previous
assumptions. We obtain the following generalization of theorem 6.1.

Theorem 6.2. Under the assumptions A1, A2, A3, relativity of simultaneity (REL) allows for the
following possibilities and not more:

— d = 1 (the classical bit), with GA = GB = {1} (i.e. without any non-trivial local transformations),
— d = 2 (the quantum bit over the real numbers), with GA = GB = Z2,

3This means that no two different group elements act in exactly the same way on the sphere. This is a technical assumption
that is needed in the mathematical classification results that we are using (otherwise one could always consider the product
of a transitive group with another arbitrary group that is supposed to act trivially). In our context, this condition is obviously
satisfied, because we define the group by its action on the states.
4For another very simple recent derivation of the three-dimensionality of the Bloch ball, see [50,51]. A complementary
approach to relate the structures of the Bloch ball and of space–time can be found in [52].
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— d = 3 (the standard quantum bit over the complex numbers), with GA = GB = SO(2) = U(1),
— d = 5 (the quaternionic quantum bit), with GAB = SO(4), GA the left- and GB the right-isoclinic

rotations in SO(4) (or vice versa) which are both isomorphic to SU(2), and GA ∩ GB = {+I, −I}.

As in theorem 6.1, d is the dimension of the Bloch ball, GA and GB are the local transformations in the
interferometer arms, and now GAB is the group generated by all local transformations in GA and GB.

That is, a unique additional solution shows up: the quaternionic quantum bit. This
quaternionic case will necessarily violate the experimental behaviour sketched in figure 3: except
for the reflection map −I (and the identity map I itself), no other of Alice’s local operations can be
undone by Bob. However, the ability to undo just these two operations is sufficiently permissive
to allow the d = 5 interferometer to implement the Deutsch–Jozsa algorithm [53], suggesting that
this additional case is computationally interesting.

Proof of theorem 6.2. If GA = GB, then we are back in the case that is treated in theorem 6.1,
leading to the first three cases d = 1, 2, 3 listed above (and no other ones). Let us therefore assume
that GA ̸= GB, which implies in particular that GB contains more than just the identity element. We
may also assume that d ≥ 3, because we have already enumerated all the cases with d = 1, 2. It is
easy to see that the commutant

G′
A := {G ∈ GAB | GX = XG for all X ∈ GA}

is a normal subgroup of GAB. Consider first the case G′
A = GAB. As GA ⊆ GAB, this implies that GA

is Abelian, and then A3 implies that GB is Abelian too. Owing to REL, it follows that arbitrary
products of elements of GA ∪ GB can be ordered in arbitrary ways, which implies that GAB must
be Abelian too. But A1 and A2 imply that GAB is transitive on the (d − 2)-sphere, and then we
are back in the case discussed in the proof of theorem 6.1: only the case of the standard complex
quantum bit, d = 3, is possible.

Now, consider the second case G′
A ! GAB, and let G0

AB be its connected component at the
identity, which must then also be transitive on the (d − 2)-sphere due to A1 and A2. We may also
assume that G0

AB is non-Abelian, as otherwise we fall back into the previous case. REL implies
that GB ⊆ G′

A, thus G′
A is non-trivial. Suppose that GB was a discrete group, then so would be

GA; and as GAB ⊆ {TATB | TA ∈ GA, TB ∈ GB} due to REL, this would imply that GAB is discrete too,
contradicting its transitivity on the (d − 2)-sphere (and hence contradicting A1 and A2). Therefore,
GB is not discrete, hence G′

A has a non-trivial connected component at the identity, G′
A,0. It is easy

to see that G′
A,0 inherits normality from G′

A. That is, G′
A,0 is a non-trivial connected proper normal

subgroup of GAB, and thus of G0
AB. In other words, G0

AB is not a simple Lie group, and it is also
non-Abelian.

Looking again at the list of compact connected Lie groups that act transitively and effectively
on the spheres, this leaves only the following possibilities for G0

AB: SO(4) for d = 5, and
essentially5 Sp((d − 1)/4) × U(1) for d − 1 = 8, 12, 16 . . . as well as essentially Sp((d − 1)/4) × SU(2)
for d − 1 = 4, 8, 12, . . .. As the Lie algebras of SO(4) and Sp((d − 1)/2) × SU(2) are semisimple, the
decomposition of these Lie algebras into ideals is unique, and thus the sets of normal connected
Lie subgroups of these groups can be read off directly (in particular, the symplectic groups are
simple [47]). If G0

AB = SO(4), then G′
A,0 must be either the left- or the right-isoclinic rotations in

SO(4) because these are the only non-trivial connected normal subgroups. Suppose G′
A,0 = SO(4)R,

the right-isoclinic rotations (otherwise relabel A ↔ B). Then G′
A ⊇SO(4)R, and so every X ∈ GA

must commute with every G ∈ SO(4)R. It is easy to see that no reflection X ∈ O(4) with det X = −1
can have this property; among the rotations, only the left-isoclinic rotations satisfy this. Thus
GA ⊆ SO(4)L. As GA ≃GB, this implies that GB does not contain any reflections either, and so
GAB = G0

AB = SO(4). Furthermore, this implies that GB ⊆ G′
A = G′

0,A = SO(4)R. However, if GA (or
GB) were proper Lie subgroups of SO(4)R (respectively SO(4)L), then they would be too small to
generate GAB. We have thus recovered the quaternionic quantum bit, i.e. the d = 5 case above.
5The term ‘essentially’ refers to the fact that we have to divide this group by a finite subgroup to obtain an effective group
action; see [47].
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A1) Beam splitter can prepare any upper-branch probability p.

A2) Every pure state with the same p can be prepared by 
       reversible operations applied locally on the two arms.

A3) The groups of operations of A and B are isomorphic.


